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phuong phap phan hoach tap hop
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Phuong phdp phan hoach tap hop doi khi rat hitu hiéu trong viéc gidi mot so bai
toan khé, ddc biet doi vdi bai toan So hoc. Bai viét dé cap dén phuong phdp nay, thong
qua mot so vi du don gidn. Mot s6 bai todn khé hon sé dugc gidi thiéu trong muc Bai

tap, danh cho cdc ban hoc sinh khd gioi.

1. Khai niém
Céc tap hop khac rong Ay, Ao, ..., A dude goi 1a mot phan hoach clua tap hop
A néu:
A=A UAU---UA,;,
ANA =0, Vi, je{l, 2, ..., k}, i #J.

Mbi tap con A; (i =1, 2, ..., k) dugc goi 1a mot thanh phan cia phan hoach.
2. Ap dung giai toan

2.1. Dang toan yéu cau néu phan hoach ctia tap hop

Mot s6 bai toan, phan hoach tap hop la yéu cau trong dé bai. Sau day 1a mot s6 vi
du.

Bai toan 1. Gid st ¢ la s6 hiu ti duong va khac 1. Chitng minh ring c¢é thé phan
hoach tap cdc so nguyén duong thanh hai tap khdc nhau A, B sao cho L £ ¢ vdi moi
x, y cung nam trong A hodc cung nam trong B. !

Giai. Dat c = Z—), véi p va ¢ la hai sd nguyeén t6 cing nhau.

Trude hét ta tl?éy rang s6 khong chia hét cho p vd khong chia hét cho ¢ thi dat
thém chiing thuoc A hodc B déu duge, vi khong anh hudng gi dén tinh chat cia 2 tap
hop nay dé thoa méan diéu kién ctia bai toan dat ra.

Bay gio xét cac s6 chia hét cho p hodc ¢. Ching c6 dang kp™q™, véi k khong chia
hét cho p va q. Ta chia cac s6 d6 thanh cac nhém dya theo bac (m + n) clia ching.

Van dé con lai 14 can tiép tuc phan cic s6 c6 cling bac vao cac tap hop khac nhau,
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s6 ¢6 cling bac ma bac p chdn vao mot tap hgp con bac p 1é vao mot tap hop khac.

Vi du véi bac 5: néu kp?q®, kpq, kq¢® thuoc tap hop A thi kpg?, kp3¢?, kp® thuoc

qud ma trong dé p c6 bac 1, vi lic d6 c6 thé

tap hop B (v6i k khong chia hét cho p va q), ...

Theo céach chia nhu trén ta thay, dd phan hoach dugc toan bo tap hgp céc s6 nguyén
duong thanh hai tap hgp théa man diéu kién dé bai.

Bai toan 2. Tim so cdc phan hoach tap hop {1, 2, ..., n} thanh ba tap con Ay,
Ay, As (cdc tap nay cé thé la tap rong) sao cho cic dieu kién sau dugc théa man:

1) Sau khi sdp zép cdc phan ik cia Ay, Ay, As theo thi tu tang dan, thi hai phan i
lién tiép luon co tinh chéin, 1é khdc nhau.

2) Néu cd ba tap Ay, As, Az déu khong rong, thi ¢é ding mot tap cé s6 nhé nhat la so
chdn.

Giai. Ta c6 thé gia thiét them:

3) 1 € Ay va s6 nhé nhdat trong Ay bé hon s6 nhé nhat trong As.

Ta xay dung cac phan hoach bang cach xép 1an luot cac s6 1,2,...,n vao A;, As,
Az theo cdc diéu kien 1), 2) va 3).

Ta ¢6 1 € Ay, con s6 2 ¢6 hai kha ning: 2 € Ay hodc 2 € Ay (do 3)).

Néu Ay va Az con la tap hop rong, thi cac sb tiép theo, do diéu kien 3), déu chi c6
hai cach sip xép: vao A; hoic A,.

Sau khi phan t dau tién clia Ay duge xép, thi sb tiép theo chi c6 hai cach xép: A,
hoic vao Az (vi s6 d6 ¢6 cung tinh chin, 1¢ v6i phan tit cudi cia A; lac d6). Khi As
con 1a tap hop rong thi, do diéu kién 1), 2), cac s6 tiép theo ciing chi ¢6 hai cach xép
vao hai trong ba tap Ay, As, As.

Sau khi phan tit dau tién clia As dugce xép, ta c6 thé ching minh tiép biang phép
quy nap rang, mdi s6 luon c6 thé va chi c6 thé xép vao hai trong ba tap A;, A,, As.

That vay, gid st dén mot bude ndo dé, s6 k c6 thé xép vao mot trong hai tap A,
Aj;, vh khong thé xép vao Ay, v6i (i1, io, 43) 1A mot hodn vi ndo d6 cha (1, 2, 3),
A

cudi clia A;, lic d6. Gid st ta xép k vao A;, thi & bude tiép theo, s6 k + 1 chi c6 thé

nghia 14 k khéac tinh ch&n, 1¢ v6i hai s6 cudi clia A;,, A;,, va cung tinh chin, 1& véi s6
xép vao A;, hodic Ay, (do diéu kien 1)), nghia 1a ciing ¢6 dung hai kha ning sip xép
d6i vai k + 1.

Tém lai, v6i mdi s6 trong tap {1, 2, ..., n}, trit s6 1, déu cho ta hai kha ning sip

xép.



Vay ¢6 2”1 phan hoach tap {1, 2, ..., n} vho ba tap Ay, Ay, As theo yéu cau
ctia bai toan.

Bai toan 3. Cho tap hop M gom n s6 duong ay,as, ..., a,. Xét tat cd cdc tap hop
con T; khdc rong cia M. Goi s; la t67ng cic s6 thudc mot tap hop con T, néi tren.
Chatng minh rdang cé thé chia tap hop tat cd cic sé s; duoe thanh lap nhu vay thanh n
tap hop con khdc rong khong giao nhau sao cho ti so cia hai s6 bat ky thuoc cung mot
tap hop con vua duge phan chia khong vugt qud 2.

Giai. Khong mat tinh tong quat, gid st a1 < as < --- < ay,.

Dit So =0, Sy =a1+as+ -+ a, (1 <m<n).

Goi P={s; | T; € M}.

Kihieu P, ={s€ P | S,_1<s<Sp},v6im=1,2, ..., n.

Ta chitng minh réng cach chia P thanh cac tap P, nhu trén thoéa man diéu kien
bai toan. Mudn vay ta chi can chting minh ring, néu b € B, thi 2b > S,,,.

That vay, do b > S;,m1 = a1 +as + -+ + @y VA b = Zh: a;,, nén phai ton tai
ir (k=1, 2, ..., h) sao cho i}, > m. =

Vay b > a;, > ay = S; — Sm—1 > Sp — b hay 2b > S, (diéu phai chiing minh).

2.2. Dang toan gidi bing phuong phap phan hoach tap hop

Mot s6 bai toan kho, doi khi 10i gidi khd doc ddo nho 4p dung phuong phap phan
hoach tap hop. Sau day 14 mot s6 vi du.

Bai toan 4. Cho A la tap hop gom 16 s6 nguyén duong dav tién. Hay tim so
nguyén duong k nhé nhat co tinh chat: trong moi tap con cé k phan ti cia tap hop A
déu ton tai hai s6 phan biét a va b sao cho a® + b2 la mot s6 nguyén to.

Giai. Gia st k 1a s6 nguyen duong sao cho trong mdi tap con c¢6 k phan tit clia tap
hop A déu ton tai hai s6 phan biét a va b sao cho a? + b? 13 mot sd nguyén to.

Xét tap con T gom tat ca cac sd chdn thuge tap A. D& thay T c6 8 phan tit va véi
a, b tiy ¥ thuoe T luon c6 a® + b? 1a mot hop s6. Tt d6 suy ra k > 9.

Bing cach tinh va kiém tra truc tiép tat ca cac tong a® + b%, véi a, b € A, ta duge
moOt phan hoach gom 8 tap con clia tap A ma mdi tap con gom hai phan ti 13 hai s6

c6 tong binh phuong la mot sé nguyen té:
A={1,4}U{2, 3t u{b, 8yu{6, 11} u{7, 10} U{9, 16} U {12, 13} U {14, 15}.

Theo nguyén ly Dirichlet, trong 9 phan ti tuy ¥ clia tap A phai ¢6 hai phan ti

thudc cting mot tap con trong phan hoach néu trén. N6i cach khac, trong moi tap con



c6 9 phan tit clia tap A déu ton tai hai s6 phan biét a, b ma a? + b? 14 mot sé nguyén
t0.
Tit cac két qua trén, ta suy ra Ky, = 9.
Bai toan 5. Cho p va q la hai 56 nguyén to 1é nguyén to cung nhau. Chiing minh
o iy ] ]
iq jp p—1\(q-
22 l1-03)07)
Giai. Gia su
a={@ih gz‘gp%l, 1<j< %}
Khi do

p—1\[(q—1
a=()(%)
Ta phan hoach tap A thanh cac tap hop
Ay ={(57) | ¢i > pj}, Aa ={(5;7) | ¢i <pj}, As ={(57) | ¢i = pj}.

Ta ¢6 |As] = 0. Mat khéac

p—1 qg—1

w-E (w12
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Vi

A| = |A1] 4 |Az| nén ta c6 diéu phai ching minh.
Bai toan 6. Ddi vdi mdi so tu nhien n € N, hay tim so tu nhién k € N lon nhat
théa man diéu kién: trong tdp gom n phan ti cé thé chon ra dudgc k tap con khic nhau,

ma hai tap bat ky trong cdc tip con nay deu cé giao khdc rong.

Giai. Gid st X = {ay, ag, ..., a,}.
1) Chiing minh & > 2"~ !: Ta ¢ dinh phan t1t a; va chi xét cac tap con Ay, Ay, ..., Ay
¢6 chita a;. Khi d6, s6 tap con nay bang ding s6 tap con cia tap {as, as, ..., a,} ma

Vi, j (1<i, j<k)déucoa € A;NAj, nén k > 271

2) Chiing minh k& < 2"': Gia stt chon duge k > 2"~! tap con clia tap X, ma giao
cia hai tap bat ky trong cic tap dude chon ra déu khac rong.

Chia tat ca 2" tap con cia tap X thanh 27! cip sao cho trong méi cip déu gdom
tap con va phan bu clia né. Vi sd tap con chon ra lén hon 277! nén theo Nguyén ly
Dirichlet, phai c¢6 it nhat hai tap con da chon ra lap thanh mot cap. Do d6 giao cia
hai tap nay bing rong, mau thuin véi tinh chat clia cac tap da chon ra. Vay k£ < 27 L

Tém lai, s6 tuy nhién & 16n nhat thoa man diéu kien bai toan la: k = 271

Bai toan 7. Khai trién f(z) = (1 +z + 22+ - + 2110, ta duge da thic f(x) =

CLO—|—CL1I+CL2$2+"'+CL100$100. Tl/nhS:CL0+CL1+CL2+"'+G/10.
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Giai. Trude hét, ta chitng minh két qua sau
B6 dé. Cho hai sé tu nhién n, k. Xét tap hop:

Hok=A{(xo, 1, ..., xn) | o, 1, ..., zn, €N, 2o+ 21+ -+ 2, = k}.

Thé thy, ta co: |Hy, | = Cryy.

Chitng minh Ta ching minh bd dé trén bing phuong phap quy nap theo n.
Khi n =0 thi Hyy, = {k}, |Hox| = 1 = C}: khéng dinh ddng.

Gia st khdng dinh ding dén n — 1, n > 1.

Xét phan hoach H,y = By U By U ---U By, trong d6 (zo, =1, ..., ©,) € B; néu
x, =7, v6ij€{0, 1, ..., k}. Theo quy nap ta co:

|Bj| = [Hp11—5] = C'Z:hk,j, Vi=0,1, ..., k.
Ding cong thic Cit + Cl = Cl Ly, ta c6

k k k

-1
| Ho | = Z |1B)| = ZCZ—Hk—j = Z( §+kfj - :LL*kaj) = Chy-
=0 =0 =0

Do d6 ta c6 diéu phai chitng minh.
Luw §: |Hy | = Clypy — Cr_y = Cl ., v6i quy ude réng Cf_; = 0.

Tré lai v6i bai toan & dang tong quat sau:

V6i m, n € N, khai trién f(z) = (1 + 2z + 2%+ -+ +2™)"" dugc da thic
f(@) = a0+ a1z + -+ + Qg™
Viét cu thé khai trién clia f(x), ta c6

n .
ai:|Hn7i|:C’n+i, VZZO7 1, ey, My

(|Hpil > a;, néui>m+1).

N6i riéng
m m
_ m o n+1 n+1\ __ n+1
ap +ay + -+ Ay = E Cn—i—i - § :(Cn-i-l—‘ri - Cn—i—i ) - Ynd+l+m-
i=0 =0

Bai todn da cho la truong hop n+ 1 =m = 10. Do d6 S = C3).

Bai toan 8. Cho s6 nguyén n > 2. Goi S la tap hop gom n phan ti va A; (1 <
i <m) la cdc tdp con khdc nhau va gom it nhat hai phan ti@ cia S sao cho ti cdc quan
he AinA; # @, AiNAy # 3, A;N A # D, ta suy ra duge A; N A; N A, # @. Chitng

minh rang: m < 277t — 1,



Giai. Ta chitng minh bing phuong phap quy nap theo n.
Hién nhien, phat biéu & dé bai ding khi n = 2.

Gia stt n > 2 va phat biéu ding véi moi s6 nguyén bé hon n.
Ta xét hai truong hop:

Truong hop 1: Khong ton tai i va j nho dé A; U A; = S va

ANA)=1.

Goi x 1a phan ti tiuy ¥ thuoc S. S6 tat ca cac tap A; khong chita z 16n nhat bang
272 _ 1 theo gid thiét quy nap. S6 cac tap con chita x ctia S 1a 2"~ 1. Néu x € A; thi
sé khong c6 j ndo dé cho A; = (S'\ 4;) U {z}, bing khong thi phai c6 |4; N A;| = 1.

Do vay, qué lam 1a mot nita cac tap con chita x ctia S xuat hién dudi dang cac tap
A;. Nhu thé, s6 16n nhat cac tap A4; 1a 272 — 14272 =271 1,

Truong hop 2: Ton tai mot phan tif x € S sao cho A U Ay = S va Ay N Ay = {z}.

Dat |Aj|=r+1va|Ay]=s+1. Khidér+s=n—1.

Theo gid thiét quy nap, s6 16n nhat clia cic tap A; sao cho A; C A; 14 2" —1. Tuong
tu, sO 16n nhat cia cac tap A; sao cho A4; C Ay 1a 25 — 1.

Néu A; khong phai 1a tap con clia A; va Ay thi Ay NA; # @, Ay NA; # 2.

Vi AjNAy # @, nén Ay N Ay N A; # &. Nhu vay, ta c6 Ay N Ay N A; = {z}.

Do d6, A; = {z} U (A4; \ A1) U (A; \ Ay). Ngoai ra, do cac tap khac rong A; \ A; va
A; \ Ay ¢6 thé duge chon tuong ing theo 2° — 1 va 2" — 1 cach, nén s6 16n nhit cic
tap nay la (25 —1)(2" — 1). Cong them cac két qua rieng nay vao, ta nhan duge s6 16n
nhat cic tap A4; 1a 271 — 1.

3. Bai tap

Bai 1.
Tim s6 céc tap con A clia tap hop {1, 2, ..., 10}, biét rang A chita ding 5 phan
tlt va tong tat ca cac phan tit cia A chia hét cho 5.

Hay néu bai toan téng quat.

Bai 2.
Chitng minh r&ng tap hop {1, 2, 3, ..., 100} ¢6 thé dugc viét thanh hgp cla 10
tap hgp roi nhau Ay, Ay, ..., Ay, sao cho moi A;, i =1, 2, ..., 10, déu c6 chita 10

phan ti& v tong gia tri cac phan t& ctia nhimg A; d6 déu bing nhau.
Hay néu bai toan téng quat.
Bai 3.
V6i mdi s6 nguyen r > 1, xdc dinh s6 nguyén nho nhat h(r) > 1 sao cho véi

mdi cdch chia tap hop {1, 2, ..., h(r)} thanh r tap con déu ton tai cdc sd6 nguyén



a>0,y>x>1saochoa+ 2z, a+vy, a+ 2+ y thudc cing mot tap con.

Bai 4.

V6i s6 tu nhién tuy ¥ n > 3 cho k = n(n +1)/6 va tap X,, gobm n(n + 1)/2 phan
tl, trong dé c¢6 k phan tit mau xanh, k& phan t& mau do, cic phan ti con lai dé mau
tring. Chitng minh ring c6 thé chia tap X,, thanh n tap con titng cip khong giao nhau
Ay, Ay, ..., Ap, sao cho v6i s6 m tuy ¥ (1 < m < n), tap con A,, gom ding m phan
ti va cdc phan tit déu cing mau.

Bai 5.

V6i cac tap hop s6 X va Y, ta dinh nghia:

XY ={zy|lzeX,ycY},; X?=XX.

a) Chiing minh ring tap Q cac s6 hitu ti duong ¢6 thé phan hoach dugce thanh 3
tap A, B, C rdi nhau théa man BA = B, B> =C, BC = A.

b) Chitng minh ring tat ca cic lap phuong clia cac s6 hitu ti duong déu thuoe A
theo phan hoach trén.

¢) Tim cac phan hoach QT = AU BUC nhu vy sao cho khong ¢6 s6 nguyén duong

n nao, n < 34, ma n va n+ 1 cing thudoc A, nghia 1a

min{n e N* |ne€ A, n+1¢e A} > 34.
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